BUBBLE TREE COMPACTIFICATION OF MODULI 
SPACES OF VECTOR BUNDLES ON SURFACES 



D. MARKUSHEVICH, A.S. TIKHOMIROV, AND G. TRAUTMANN 



Abstract. In this article we announce some results on compacti- 
fying moduli spaces of rank-2 vector bundles on surfaces by spaces 
of vector bundles on trees of surfaces. This is thought as an alge- 
braic counterpart of the so called bubbling of vector bundles and 
connections in differential geometry. The new moduli spaces are 
algebraic spaces arising as quotients by group actions according to 
a result of Kollar. As an example the compactification of the space 
of stable rank-2 vector bundles with Chern classes ci = 0, c% = 2 
on the projective plane is studied in more detail. Proofs are only 
indicated and will appear in separate papers. 
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1. Introduction 

In this article, we describe a conceptual scheme of a new construction of 
a compactification of moduli spaces of stable bundles on surfaces whose 
boundary consists of vector bundles on trees of surfaces, replacing the 
torsion free semistable sheaves appearing in the Gieseker-Maruyama 
compactification. In this description the long proofs of completeness, 
separatedness, versality, properness are replaced by brief sketches, and 
the complete versions will appear in full detail in subsequent papers. 
In conclusion, we produce a concrete example of the compactification 
of the moduli space of stable bundles on the projective plane F 2 with 
second Chern class C2 = 2. In this example, we provide an alternative 
explicit construction of the same compactification and give a complete 
description of its boundary. 

To some extent, the replacement of limit sheaves in a compactification 
by vector bundles on trees of bubbles is very natural. The bubbling 
phenomenon appeared in eighties and nineties in the description of de- 
generation processes in several conformally invariant problems of geo- 
metric analysis: minimal surfaces (Sacks-Uhlenbeck), harmonic maps 
(Parker), pseudoholomorphic curves in symplectic varieties (Parker- 
Wolfson, Rugang Ye), and Yang-Mills fields on 4-manifolds (Feehan 
[EE], Taubes [Pa], Uhlenbeck [U]). 

Donaldson-Uhlenbeck constructed a (partial) compactification YM n of 
the moduli space YM n of instantons of charge n on a 4-manifold S, 
where the instantons are defined as the ASD Yang-Mills connections 
on a vector bundle over a 4-manifold S with Chern classes c\ — 0, 
c 2 = n: 

YM~ n C YM n U (YM n _i x X) U (YM„_ 2 x S 2 X) U ■ ■ • U S n X, 

In |MT1] and |MT2] it was shown that in the case of S = S 4 , YM n has 
a real semi-algebraic structure. 

The boundary of YM n consists of "ideal instantons" , that is, singular 
connections whose curvature is a sum of a smooth part and of several 
delta-functions. A degenerating family of bundles and connections on 
them encloses more information than is kept by an "ideal instanton" . 
The bubble-tree compactification of Feehan-Taubes-Uhlenbeck (FTU) 
is a kind of blowup of the boundary of YM n , encoding the way an ASD 
connection degenerates into an ideal instanton by a connection over a 
tree of surfaces, obtained from S by successive gluings of spheres S 4 at 
a finite set of points. 
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When S is a complex projective surface, Donaldson proved that the 
Kobayashi-Hitchin correspondence identifies YM n with the moduli 
space of //-stable vector bundles M M ~ s (0,n) with c\ = 0, c 2 = n on S 
( |Dlj ; see also |LT] for further developments). Thus the natural ques- 
tion can be asked, whether the Uhlenbeck-Donaldson and the FTU 
compactifications also have an algebro-geometric interpretation. For 
the first one, the answer is known: Jun Li |JL] endowed YM n with 
a structure of a quasi-projective scheme and defined a birational mor- 
phism M^' s (0, n) — > YM n , where the closure of M^' s (0, n) is taken 
in the Gieseker-Maruyama moduli space of semistable sheaves on S. 
See also [HLj . Sect. 8.2, where a similar compactification, called mod- 



uli space of /i-semistable sheaves, is constructed for the sheaves with 
arbitrary determinant. 

The main motivation of our work is to find an algebro-geometric ana- 
log of the FTU compactification, which would be a kind of blowup 
of M^" s (0,n). By analogy with the topological bubbles which are 4- 
spheres, we can introduce the notion of an algebraic bubble. Given a 
complex surface S and its blowup S in a point p with the exceptional 
line L, an algebraic bubble is a complex projective plane P = F 2 (C), at- 
tached to S along L. Algebraic bubble trees are obtained by iterating 
this construction. They appear as fibers of the semi-universal fam- 
ily over the compactified configuration spaces of Fulton-MacPherson 

[Em]. 

In the realm of algebraic geometry, the degenerations are described in 
terms of flat families. It turns out that using flat deformations, one can 
"replace" singular sheaves T on S by bundles on the trees of surfaces 
St, and that the thus obtained tree bundles together with bundles 
on the original surface S fit into a separated algebraic space of finite 
type. This is the main result of the paper, stated as Theorem 17.21 In 
some particular cases, for example, if S = P2, we can assert that this 
algebraic space is proper (Theorem 17.31) . 

This result still does not contain an answer to the question which served 
its motivation, by the following reasons. First, our construction does 
not provide any morphism between our moduli space and the Gieseker- 
Maruyama compactification in any direction. Second, though one can 
associate a topological bubble tree with 4-spheres as bubbles to any 
algebraic bubble tree by contracting to points the intersection lines of 
the algebraic bubbles, this does not lead to a correspondence between 
the bundles on algebraic bubble trees and the ASD connections on the 
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associated spherical bubble trees. The problem is that the stock of tree- 
like bundles we admit in our compactification contains bundles which 
are nontrivial on the intersection lines of bubbles, so there is no way 
to push them forward along the topological contraction in order to get 
a bundle on a spherical bubble tree. This is certainly a drawback of 
our approach based on the Serre construction for flat families of rank 
2 bundles over a curve. It is a challenging problem to find another 
approach which would bring us to a stock of boundary bundles, trivial 
on the intersections of components. 

We will briefly mention some related work. Tree-like bundles were used 
with the opposite goal by D.Gieseker in [G2] in order to construct bun- 
dles on S by deforming bundles on trees to bundles on S. Over curves, 
Nagaraj and Seshadri [NSj considered bundles on a degenerating family 
of curves and compactified them by bundles on reducible curves, past- 
ing in trees of rational components. Buchdahl [Blj . [B2J studied, by 
differential geometric means, a compactification of degenerating bun- 
dles on S by bundles on a blowup of points in S (which is an irreducible 
surface, unlike our bubble trees). 

In this article, S is always a smooth complex projective surface, en- 
dowed with a very ample polarization class h, and Ms t h(2;Af,n) de- 
notes the Gieseker-Maruyama moduli space of semistable torsion free 
sheaves E of rank 2 on S with fixed Chern classes Ci(E) = Af and 
02(E) = n > (A/" 2 )/4, where "semistable" means "Gieseker semistable 
with respect to h" . The space we are compactifying is the open sub- 
space Mg h (2;M, n) of stable vector bundles, assumed nonempty. 

If not otherwise stated, all the schemes are locally of finite type over 
C, and the base of any family we consider is always assumed to be a 
scheme. 

2. Trees of surfaces 

2.1. Trees. A tree T in this article is a finite graph, oriented by a 
partial order < and satisfying: 

• there is a unique minimal vertex a G T, the root of T; 

• for any a G T, a 7^ a, there is a unique maximal vertex b < a, 
the predecessor of a, denoted by a~; 

• By a + := {b e T \ b~ = a} we denote the set of direct successors 
of a G T. We let T top denote the vertices of T without successor. 

A weighted tree is a pair (T, c) of a tree T with a map c which assigns 
to each vertex a G T an integer n a , called the weight or charge of the 
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n a > if a 7^ a, 



(2) 



#a + > 2 if n a = and a ^ a, 



(3) 



where C < is some constant depending on S, h and Af, as specified 
below in formula ( TTUj) . The total weight or total charge of a weighted 
tree is the sum T, aeT n a = n of all the weights. We denote by T n 
the set of all trees which admit a weighting of total charge n. It is 
obviously finite. 

2.2. Trees of surfaces. Let S be a smooth complex projective surface 
with an ample invertible sheaf Os{h). Our trees of surfaces are reduced 
surfaces St, defined for any tree T and whose components are indexed 
by the vertices of the tree T. They are constructed by the following 
data. 

(i) For each vertex a G" T top U{a}, let P a be a copy of F 2 (C) together 
with a line l a C P a and a finite subset Z a = {xb G P a \ i | 6 G 
a + }, and let S a -A P a be the blowup of P a along Z a . We will 
denote the exceptional lines in S a by lb, b G a + , and the inverse 
image of l a in by the same symbol l a . 

(ii) For a = a, we set — ^> S 1 to be the blowup of S at a finite set 
Z a = {x a G S\ a G 

(iii) For a G T top , S a is a copy of P2(C). 

(iv) For each a > a, we fix some isomorphism l a i a . 

A tree-like surface of type T over S or a T-surface is now defined as 
the result St of gluing the above surfaces S a along the isomorphisms 
<f) a into a reduced connected normal crossing surface with components 
S a . We write 



and identify l a with l a for all a G T. After this identification the lines 
l a are the intersections Z a = S a fl 5a- . 

By the construction of St, all or a part of its components can be 
contracted. In particular, there is the morphism 



which contracts all the components except S a to the points of the finite 
set Z n . 



St — UagT^, 



a 



(4) 



S T A S 
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Note that: 

1) There are no intersections of the components other than the lines 

2) If a G T top then S a is a plane P2(C). 

3) If T = {a} is trivial, then St = S. 

4) After contracting the lines l a topologically (over C), one obtains a 
tree of 4-sphere bubbles. 

2.3. Line bundles on T-surfaces. Let now L be a line bundle on a 
T-surface St, and let the inverse image of the divisor class h on S a also 
be denoted by h. Then the restrictions of L to the components can be 
written as 

L\S a = Sa {mh - S aea + mJa) 

and 

L\S a = Sa ( m Ja - S bea + m b l b ). 

L is called ample if each L\S a is ample for all a G T. This means that 

to, m a > and to 2 > S aea + m 2 and to 2 , > S bea + to 2 . 

for all a E T. Let to, r be positive integers. We will say that L is of 
type (r,m,h) if its restriction to the root surface is given by L\S a = 
Sa (rmh - rS aea + m a l a ) for some m a (a ^ a). 

We define the multitype of a line bundle on a T-surface St to be the 
sequence 

m T := (m a ) aeT , 
where m a = m The above inequalities imply 

2.4. Lemma. 

1) For any m,r > and any weighted tree (T, c), T G T n; i/iere are 
at most finitely many ample line bundles of type (r, to, h). 

2) Given n, there is an integer itlq such that for any to > mo and 
any (T, c),T G T n , iaere is an ample line bundle on St of type 

(1,771, /l). 

3. Tree-like bundles 

3.1. Definition. Let St = ^aerS a be a T-surface with tree T G T„. 
A vector bundle E = Et on St or the pair (Et, St) is called a tree 
of vector bundles or a T-bundle if the restrictions E a = E\S a , a G T, 
satisfy the following conditions: 
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(i) E a has rank 2, C\(E a ) = for a ^ a, C\{E a ) = ct*jV, and the 
second Chern classes c 2 (-E a ) = n a , a G T, define a weighting of 
T in the sense of definition I2.lt © • 

(ii) If T 7^ {«}, then E a is admissible as defined below for any a G T. 
(ill) If T = {a}, then [£] G M s , h {1]N,n). 

3.2. Definition. Let SV 1 = U a<a rS a be a T-surface with tree T G T n . 
Assume that T 7^ {a}. Let a G T, and let J5 a be a rank-2 vector 
bundle on S a . We will say that E a is admissible if one of the following 
conditions is satisfied: 

(i) In case a G T top , with 5 a a plane P a , E a is an extension of type 

(5) -> Pa -> £ a -> X x , Pa -> 0, x = {pt} G* Z a , c 2 (£ a ) = 1, 

(ii) or in case a G T top , with 5 a a plane P a , E a is an extension of 
type 

(6) Pa (-l) ^E a ^ X z>Pa (l) -+ 0, 

where dimZ = 0, Z nl a = 0, c 2 {E a ) = length(Z) - 1 > 2. 

(iii) In case a G" T top , a 7^ a, \a + \ > 2, E a is a non-split extension of 
type 

(7) 0-*O Sa (-la+ Zl b )^E Sa ^l z , Sa (la- U)4 0, 
where dimZ < 0, Z C S a \ {( U Z 6 ) U l a }, c 2 (E Sa ) = 

b£a+ 

length(Z) + |a+| - 1 > 1, 

(iv) or a ^ T top , a 7^ a, and E a is a non-split extension of the type 

(8) G 5a ( £ Z 6 ) ->• £ a ->• Sa {- S Z 6 ) -»- 0, c 2 (£ a ) = |a + | > 1, 

(v) or a ^ T top , a ^ a, and £ a = 2C 5a . 

(vi) In case a = a, E a is a non-split extension of type 

(9) 0^O 5q (-<?/>+ El b )^E a ^X ZiSa (qh- EL + a* a Af)^0, 

(10) c 2 (E a ) >C := -q 2 (h 2 ) - q \(h ■ 

for some subset olq of a + , where < q < qo for some integer 
go depending on S, and where dimZ < 0, Z C S a \ ( U Z&), 

length(Z) < n + q 2 (h 2 ) + q \(h ■ Af)\. 



Remark. The above definitions single out a possibly redundant class 
of vector bundles including all the bundles which may occur in de- 
generations. The conditions (i)-(vi) guarantee the boundedness of the 
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family of tree-like bundles and replace the (semi) stability conditions, 
which are not obvious for tree-like bundles. Those T-bundles which 
indeed occur in degenerations will be called limit T-bundles, see Defi- 
nition 14.51 

Notation. Let E = Et be a T-bundle on St for a tree T G T„. We 
also write E T — # E a and define its total second Chern class to be 

aeT 

c 2 (E T ) := E c 2 (E a ) = E n a = n. 

aeT aeT 

Two T-bundles (Et, St) and (E T , S T ) are called isomorphic if there 
exists an isomorphism <ft : St — >■ S' T over S such that Et = <fi*E' T . 

In the following we need formulas for the Euler characteristics of line 
bundles and T-bundles. These follow by standard computations on the 
components of the trees. 

3.3. Lemma. For any T-bundle (Et,St), T G T n , and any ample 
line bundle L on St of type (1, m, h), the following Euler characteristics 
are independent of the tree and are given by the formulas 

(11) X (E ®L)= m 2 (h 2 ) + m(h ■ (2Af - K s )) + ^(Af ■ (Af - K s ))+ 

2 X (O s ) -n=:N m 

9 

in in 

(12) x(L) = —(h 2 )- -(h-Ks) + X (Os) 

Later we will consider the embeddings of St into the Grassmannian 
G = Grass(iV m , 2) of 2-dimensional quotient spaces of the space C Nrn , 
defined by the global sections of an appropriate twist of tree-like bun- 
dles E T on St- Here N m denotes the integer given by (TTTT) . The 
universal rank-2 quotient bundle on G will be denoted by Q. We have 
the following boundedness result. 

3.4. Proposition (Boundedness). For any n there is an integer m§ > 
such that, for any m > m and any T G T n , there is an ample line 
bundle L of type (1, m, h) on St such that for any T-bundle Et on St, 

(i) h\E T ®L) = fori>0 and h°(E T <g> L) = x(E T ® L) = N m ; 

(ii) the evaluation map C Nm <8> Og T -» E T <8> L is surjective; 



BUBBLE TREE COMPACTIFICATION 



9 



(iii) the induced map is a closed embedding 
such that 

i*cQ — Et <8> L , i* G G (l) ~ L® 2 <g> Os T (a*Af)] 

(iv) for any j,q > 0, h^{i G G {q)) = 0, and the Hilbert polynomial 
Pg(q) '■= X^g^g^)) is given by the formula 

(13) P G (q) = 2q 2 m 2 (h 2 ) + 2q 2 m(h ■ J\f) - qm(h ■ K s ) 

+\q 2 {X 2 )- l -q{N-K s ) + x {Os{N)). 

Proof. This follows from Serre's theorems A and B, the boundedness 
of the family of all admissible bundles of given type on each S a , which 
follows easily from the definition, and from the boundedness of the 
family of /i-semistable vector bundles [Sim] with c\ = Af and C2 < n 
on S. (ii) follows from the above and [Trl lemma 5.13]. Formula (|T3|) 
follows directly from 13.31 □ 



4. Families of tree-like bundles 

In this section we fix the definition of families of T-surfaces St and 
T-bundles (E T , St) for trees T G T n with fixed total charge n. 

4.1. Definition (T„-families of surfaces). 1) Let X A Y be a flat 
family of trees of surfaces over a scheme Y locally of finite type, whose 
trees belong to T n . Such a family is called a family of trees of surfaces 
of type T ra , or simply a T n - family, if there exists a morphism a : X — >• 
S x Y such that the following holds: 

(i) 7r = pr 2 o a. 

(ii) For each closed point y G Y the morphism a y = o~\S y : S y — > 
S x {y} ~ S, where S y = 7T _1 (y), is the standard contraction (jlj, 

(iii) There is a union of irreducible components X fe of X such that the 
restriction cr|X b is a birational morphism X b S x Y. 

The morphism a : X — > S x Y will also be called a standard contraction. 

2) A T„-family of surfaces X4Fis called a good T n -family of surfaces 
if a is birational on the whole of X. 

3) A T n -family of surfaces X A Y is called trivial if a is an isomor- 
phism. 
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4) Two T n -families X A F and X' -A Y over the same base Y are 
called isomorphic if there exists an isomorphism X A X' such that 
(14) 7r' o <f) = Ti and a' o = a, 

where X A S x F and X A S x F are the standard contractions. 

4.2. Examples. 1) The standard contraction X = St — > S of a single 
T-surface for a tree T G T n is a T ra -family over a point with X fe = S a , 
a\X. b = a a : S a —¥ S. This T n -family is good only if T = {a}. 

2) Let C be a smooth curve and let X — > S x C be the blowup of a 
point (s, c). Then X — > C is a good Ti-family. 

3) Let X = St x Y be the product of a T-surface with some scheme Y 
locally of finite type, T G T n , T 7^ {a}. Then X — > y is a T n -family 
with X b = S a x F which is not good. 

For families over smooth curves we have the following 

4.3. Theorem. Let X — > C be a good Tn-family of surfaces over 
a smooth curve C . Then X has at most A^- singularities, analytically 
locally trivial along the lines of intersection of components in the fibres 
ofX. 

The Afc-singularities in T n -families over curves really appear in the 
construction of limit bundles in the proof of the Completeness Theorem 
14.91 as a result of certain contractions of tree-like surfaces. 

4.4. Definition (T n -families of bundles), (a) For a fixed total second 
Chern class n, a T n -family of tree-like bundles is given as a triple 
(E/X/F), where X/F denotes a T n -family X A F of surfaces and E 
is a vector bundle on X, such that its restriction to all the components 
of all the fibers of tt over the closed points of F are admissible. 

(b) Let now X A F be a good T n -family of surfaces. By Definition 14. 1[ 
(ii), there exists a maximal dense open subset U of F with the property 
that the fibers X y = 7r _1 (y) are isomorphic to S for all closed points 
y G U . A triple (E/X/F) as in (a) will be called a good T n -family 
of (tree-like) bundles if the restrictions of E to the fibers X y over the 
closed points y G U are stable vector bundles from Mg h (2;J\f,n). 

There is an obvious notion of isomorphy and equivalence for Tn- 
families. Two T n -families of bundles (E/X/F) and (E'/X/F) are 
called isomorphic, 

(E/X/F) ~ (E'/X/F), 
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if there is an isomorphism X — > X' of T n -families of surfaces such that 
E ~ 0*E'. The families are called equivalent if there is an isomorphism 

X A X' and an invertible sheaf L on Y such that (E®7r*L/X/F) and 
(E'/X'/y) are isomorphic. 

4.5. Definition (Limit bundles). A T-bundle (E?, St) of total charge 
n is called a limit T-bundle if there exists a (germ of a) smooth pointed 
curve (C, 0) and a good T n -family of bundles (E/X/C) as defined in 
[4741 (b), such that X|C \ {0} 4 S x (C \ {0}) is an isomorphism, 
E|C \ {0} is a family of stable vector bundles from Mg h (2;J\f,n) and 
T T ~ E|X on the fibre of X over G C. 

A limit T-bundle is called sss-limit T-bundle if there exists a (germ of 
a) smooth pointed curve (C, 0) and a T n -family of bundles (E/X/C) 
as defined in S3 (a), such that X|C \ {0} 4 S x (C \ {0}) is an 
isomorphism, E|C\{0} is a family of strictly semi-stable vector bundles 
from M s>h (2; Af, n) and i? T ~ E|X on the fibre of X over G C. 

Let M. n (pt) denote the set of all limit T-bundles with T G T n and 
M n (pt) the set of their isomorphism classes. More generally, we give 
the following definition. 

4.6. Definition (Moduli stack and moduli functor). For any Y as 
above, we denote by M. n (Y) the set of all T„-families (E/X/y) of 
limit bundles. Given a morphism / : Y' — > Y, it is obvious how to 
define the pullback /*(E/X/F) of a family (E/X/y) and it is easy 
to verify that this is again a T n -family of limit bundles. Thus M n is 
a pseudofunctor M n : (Sch/C) op —> (Sets) in the language of stacks, 
where in our setting (Sch/C) denotes the category of complex schemes 
locally of finite type over C. By definition, M. n (pt) can be identified 
with M n (Spec(C)). 

To get a functor, we define M n (Y) := M n (Y~)/ ~, where ~ denotes 
equivalence. 

4.7. Open sub-pseudo-functors of M„. Consider the open sub- 
pseudo-functors M 9 n , M^, M° and of the pseudo-functor M„, : 
{Sch/C) op ->■ (Sets), defined as follows: 

M 9 n (Y) = {(E/X/F) G M n (Y) | G Y, E y is not an sss-limit bundle}, 
M*„(y) = {(E/X/y) G Mn(y) | X -»■ y is a trivial T„-family}, 

MS(F)=M«(r)uMi(y), 

M^(y) = {(E/X/y) G M„(y) | X -»■ Y is a trivial T„-family, and 
V y G y, E y G M| )A (2;jV,n)} (y G Sch/C). 
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Obviously, for any Y G Sch/C, 

(15) M£Q0=M»(r)nM£(Y). 

The pseudofunctors M^, M^, M° and and their associated functors 
M^, . . . will be used in the construction of the moduli spaces M^, M°, 
see Section [3 

4.8. Lift of families. In the proofs of the main results one mostly 
has to deal with good families of tree-like bundles over curves. We use 
the standard notation (C, 0) for a curve C with a marked point G C 
and denote by C* the punctured curve C \ {0}. By a finite covering of 
curves r : (C, 0) — > (C, 0) we understand a finite morphism r : C — > C 
such that r(0) = 0. 

For a given curve (C, 0) and a given family of tree-like bundles F = 
(E/X/C) G M n (C) over C we denote the restriction ofF onto C* by 

F* = (E*/X*/C*) e M n (C*), 

where X* = C* x c X, vr* = tt|X*, a* = a|X*, E* = E|X*. 

Respectively, we denote the lift of F = (E/X/C) G M n (C) to (5 by 

F = Cx c F= (E/X/C) G M n (C), 

~ ~ A ~ 7T ~ 

where_X = Cx c X, and X X — > C denote the natural projections 
with E = A*E. 

Moreover, the notation for the lift F 4 F' to C of an isomorphism 
F — )■ F' over C should be selfexplaining. 

The proofs of properness and separatedness of the moduli space we are 
going to construct are reduced to the respective properties of the pseud- 
ofunctor M n over the smooth curves, basing upon the valuative criteria 
for properness and separatedness. Thus the following completeness and 
separatedness theorems for the pseudofunctor M„ are key results for 
the existence of a proper moduli space of tree-like bundles. The proofs 
can only roughly be indicated in this note. 

4.9. Completeness Theorem. The pseudo-functor M n is complete 
in the following sense. For any smooth pointed curve (C, 0) and any 
family of tree-like bundles (E/C* x S/C*) G M n (C*) ; there is a finite 
covering 

(C, 0) A (C, 0) 
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and a family (E/X/C) G M n (C) of tree-like bundles together with an 
isomorphism tp, 

CxS - x ^=>X* -J* C'xS 

c c ^=>c* 

such that 

E|X* = (p*(r x id 5 )*E. 

Sketch of the proof. Step 1: Let X = C x S 1 . We use the description 
of reflexive rank-2 sheaves F on X via the Serre construction^ in the 
relative situation: 

-> Ox(-qh) AF4 Z z (g/i + AT) -> 0, 

where Z is finite over C. 

Consider the closure M^ h (2;Af, n) of the moduli space of stable vector 
bundles Mg h (2; J\f, n) in the projective scheme of Gieseker-Maruyama 
of x-semistable torsion-free sheaves. Using its construction and projec- 
tivity, we can replace C by a finite covering and assume that there is 
a reflexive sheaf E over the whole of X such that: 

• E|C* x S is the given bundle; 

• there is a number q with an exact sequence 

0*(-qh) E X z (g/i + A/") -»■ ; 

• Z is reduced, smooth over C*, and Z — > C is flat and finite. 

Step 2: Smoothing Z by blowups of points of Z fl ({0} x £) in the 
3-fold X = Cx5. 

Step 3: Separating the components of Z by lifting the families over 
finite base changes and by further blowing up, thus getting "bubbles" 
and separating the corresponding extension sequences of the Serre con- 
struction. 

Step 4: Contracting superfluous bubbles in the 3-fold obtained in Step 
3, thereby producing a 1-parameter family of tree-like surfaces whose 




For S = P2 one might use monads. 
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total space is a three-dimensional variety having at worst curves of Ak 
singularities. 

Step 5: The case of a T n -family (E/X*/C*) such that all the fibres of 
(X*/C*) are reducible. Since all the bundles E y , y G C, are limit 
bundles, after a possible shrinking of C*, there exists a surface F 
containing C* and a T n -bundle (E /Xy /F ) G M n (F ) such that, for 
Y* = F \ C* one has Xy Xy F* ~ 5 x F*. Extend F to a surface 
F containing C and, respectively, extend (E \S x F*/^ x F*/F*) to 
a family of Gieseker semistable sheaves (Ey/S x F/F). As in Step 1, 
represent Ey as a sheaf obtained by the Serre construction, applied to 
some subscheme Zy of S x F, finite over F. Then take Z = Zy Xy C 
and apply Steps 2-4 to the family (E Y \S x C/S x C/C). As a result, 
possibly after a base change over C, we obtain a T n -family (E/X/C) 
extending (E/X*/C*). 

4.10. Separatedness Theorem. The pseudofunctorM^ is separated 
in the following sense: Let (C, 0) &e a smooth pointed curve and let 
F = (E/X/C), F' = (E'/X'/C) G M»(C) &e too /amines of tree-like 
bundles. Suppose that there is an isomorphism 

X* = C*x c X ^ C* x c X' = X'* 

C* x S 

such that the restrictions F* = (E*/X*/C*), F'* = (E'*/X'*/C*) G 
M^(C*) o/ F, F' over C* are isomorphic via (fi , i.e. there exists an 
isomorphism of vector bundles ip : E*-^ 0qE *. T/ien (f) extends to 
an isomorphism <fi : X^> X' 7 and there exists an invertible sheaf L on 
C with an isomorphism p : L\C*^^- Oc* such that the isomorphism 
■00 ® ^o(p) '■ E* ® 7ro(iv|C*)-^ 0qE'* extends to an isomorphism E <g) 
7r*L^> 0*E' 7 which provides an isomorphism of the T n -families of 
bundles (E <g> tt*L/X/C) ~ (E'/X'/C) . 

The proof is rather elaborate, and what follows gives a brief idea of it. 
The first step is blowing up X, X' to obtain a model X, smooth over 
C and dominating both X, X'. There is an isomorphism of the lifted 
vector bundles /x : E*-^> E'* over C*. We can twist E by ir*(l k ) for 
some integer k, where X is the ideal sheaf of G C, so that fio extends 
to a sheaf morphism /i : E — > E'. We assume that k is chosen to be 
minimal with this property, so that the restriction of ji to the fiber over 
G C is a nonzero morphism of sheaves /i : E — > E' . 
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Our definitions imply that the determinants of E, E' are lifts of 
line bundles from C x S, and det \i can be viewed as a section of 
(detE)" 1 <g) detE' ~ tt*C, where C is a line bundle on C . This im- 
plies that the support of coker /j is a simple normal crossing surface, a 
union of components S a of X . A combinatorial argument shows that 
det \x cannot vanish only on a part of components, so if /J is not an 
isomorphism, then /xq is degenerate on every component of Xq. It is 
quite obvious then that the image of /i , restricted to S a , is a rank 1 
sheaf over every component S a of X . 

The second step is the proof of a fact from commutative algebra, which, 
stated in geometric terms, reads as follows: 

4.11. Lemma. Let <fi : E — )■ E' be an injective morphism of rank 2 
locally free sheaves on a smooth irreducible threefold X , and assume that 
D = Supp coker is an effective divisor on X having smooth irreducible 
components Di, % G A, such that Li := coker <p\Di is a rank 1 sheaf for 
each i G A. Then Li is a line bundle on Di, i G A. In particular, for 
each i G A the bundle E'\Di has a quotient line bundle Li. 

As follows from Definition [3^2] (i-ii), there is always a component in X Q , 
namely, the inverse image of any top component of X', on which the 
restriction of E' has no invertible quotient. This proves that \i has to 
be an isomorphism. 

The last step of the proof is an argument, showing that there is only one 
way to contract some of the components in X, on which E is trivial, in 
order that the result of the contraction might satisfy the condition (J2]) . 

4.12. Remark. The separatedness fails for the full functor M„ as there 
may be non-isomorphic S'-equivalent vector bundles on S which are 
limits of the same family of stable ones. 

5. Fulton-MacPherson configuration spaces 

The construction of the moduli space, up to technical details, follows 
the standard pattern. First we use Hilbert schemes and embeddings 
into Grassmannians for constructing a space H, which parametrizes 
all the objects we want to include in our moduli space, and then we 
quotient if by a group action. First, to construct the parameter space 
H, we invoke the results of W. Fulton and R. MacPherson from their 
paper [FMl sect. 1-3], where they introduce the configuration spaces 
S[n] for any natural number n. 
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5.1. Notation. Let n := max{|T| — 1 | T e T n }, and let Y FM = S[n] 
be the Fulton-MacPherson configuration space with the semi-universal 
family S[n] + over S[n] of the so-called "n-pointed stable configura- 
tions" over Y FM . Let 

(16) ir FM : X FM := S[n] + ^Sx Y FM P ^ Y FM . 

denote the standard morphisms, where <j F m is a birational morphism 
which decomposes into a sequence of blowups with explicitly described 
smooth centers. The family ([To]) has a number of nice properties. In 
particular, both X FM and Y FM are smooth projective varieties and the 
following "versality" property holds: 

5.2. Proposition (Versality) . Let X^-SxY—t-Ybea flat defor- 
mation of a standard contraction S F — > S with base point y G K Then 
there is an open neighbourhood V(y) C Y of the point y and a mor- 

phism V(y) — > Y F m such that Xy — >■ S x V[y) —> V(y) is the pull back 
ofX FM -)■ S x Y FM -> Y FM under f. 

In particular, for any T G T n and any tree of surfaces St there exists 
a point (not unique) y G Yfm such that 

(17) Sy := n^iy) ^ S T . 

Note that Yfm represents a functor of configuration families, |FM[ 
Theorem 4], but there is no obvious way of deriving the above versality 
from that. A proof can be done by a detailed analysis of the Kodaira- 
Spencer map related to this deformation problem. 

The birational morphism o~fm '■ X FM — > S x Y FM is by its construction 
decomposed into a sequence o~ F m = &i o...oa R of blowups with smooth 
centers, say, Zi C (01 o ... o crj_ 1 ) _1 (S'o x Y F m), i = l,...,R. By this 
construction, the divisors Di := {pi o ... octr) -1 ^) satisfy the property 
that, for any y G Y FM , Di n S y is & subtree of the tree S y = Ttp l M {y). 
For a sequence of positive integers m , n 1; we define the invertible 
sheaves 

M := O s (m h) B Oy FM on 5 x F FM 

and 

X := a FA/ (A^ ) ® Ox^(-SniA) on X FM . 
Using the above property of the divisors and Serre's theorems A and 
B, one can derive the following Lemma. 

5.3. Lemma. For the given number n there is a sequence of positive 
integers m , rii, . . . , ur such that 
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(i) M.q is pr2-very ample for any r > 1 and pr2*M. r Q is locally free. 

(ii) Ai r is 7i FM -very ample for any r > 1 and n F M*M T is locally 
free. 

5.4. Remark, (i) Note that, since Yfm is a projective variety, then for 
each T G T n and each a G T the number e(T, a) := max{e G N| there 
exists y eYfm such that Sj, has T as its graph and m a (A4\S y ) = e} is 
clearly finite, where, as above, S y = Ttp M (y) and we use the notation 
from [2731 

(ii) From the definition of the line bundle Ai it follows that, if y, y' G 
Yfm are two points such that the fibres as trees of surfaces S y and S y > 
have the same graph T, then the line bundles Ai\S y and Ai\S y > have 
the same multitype: xa.T{Ai\S y ) = mr(A^ \S y '). In particular, 

S y ~ implies M\S y ~M\S y >. 

We thus are led to the following notation for an arbitrary tree of sur- 
faces St with T G T n : 

(18) m T (M) := m T (M\S y ) 

for any isomorphism St S y , y G Yfa/. This notation is coherent, 
for the right hand side of (fT8|) does not depend on the choice of y. 

Next, since the set of all pairs (E T , St) G M„(C) is bounded by Propo- 
sition 13.41 we may strengthen the result of Lemma 15.31 in the following 
way. 

5.5. Proposition. One can choose the numbers mo, n\, Ur in 
Lemma [TOl in such a way that, for any (E t ,St) G M„ (C) and any 
isomorphism 4> y : St — > S y , y G Yfm, the following holds: 

(i) & (S y , A4\S y ) = for any j > and the number r : = 
h°(S y , Ai\S y ) is independent of y with the above property. 

(ii) Put m := r^m^. Then the line bundle L := 0*(A^ r °) on St has 
type (l,m,h), h j (E T ®L) = 0, j > 0, and N m := h°(E T ®L) = 
x(E T ® L) is given by (LX2P- 

(iii) For any isomorphism 8 y : C^" 1 ^^ H q (Et®L), the induced map 

(19) 9{y) : C N ™ ® St ^ #°(£t ® L) ® St ^ E T ® L 

is surjective, and the induced morphism i g ^ : SV —> G : = 
Grass(N m ,2) to the Grassmannian of 2- dimensional quotients 
of C Nm is an embedding such that 

(20) i* e(y) Q = E T ®L and i* e(y) G (l) * L 2 ® St {cj*M), 
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where Q is the universal rank 2 quotient sheaf on G. 
(iv) h?(i* m O G {q)) = for all j,q>0 and 

(21) x(i*e(v)°G(q)) = 2g 2 m 2 (/i 2 ) + 2q 2 m(h ■ Af) - qm(h ■ Kg) 

+ \q 2 {M 2 )- l -q{Kf-K s ) + X {OsW) 
(the same value as in < T73|) ). 

Proof, (i) follows by a standard argument and Lemma [5731 (ii) and (iv) 
follow directly from Lemma 15.31 and Riemann-Roch. (iii) follows from 
a lemma on embeddings into Grassmannians in |Trl lemma 5.13], and 
boundedness, Proposition 13.41 □ 

Note that from (1201) it follows immediately that 

(22) m T (i* e{y) G {l) ® St {-g*N)) = 2m T (^;V)- 

5.6. A functorial line bundle. By the above the sheaf 7Tfm*A4 is 
locally free on Yfm of rank tq. We consider the line bundle 

L C FM := M r ° ® -K FM {det-K FMif MY l 

on Xfm- Using this line bundle, one can construct for any T n -family 
(E/X/y) a line bundle Ly on X such that these line bundles are 
compatible with base change in the sense of J.Kollar, [Ko| Definition 
2.3], see 16.21 and Section [71 This defines a descent of the line bundles 
L Y to a line bundle L Mn on the moduli space. One of the possible 
approaches to the proof of the projectivity of our moduli space would 
be to show that Lm„ is ample. To this end, one might verify the weak 
positivity property [V] for the bundles L Y , but this seems to be difficult 
for the T n -families (E/X/y) that are not good. 



6. The Hilbert scheme construction 

The parameter space for T n -bundles will be an open part of the Hilbert 
scheme Hilb PH (S' x G) consisting of T n -surfaces, where as above G is 
the Grassmannian Gr(N m ,2), and Ph will be determined below. 

6.1. Definition. Let m = r m be as in 15.51 An embedded T n -surface 
is defined to be a closed embedding St S x G such that 

(i) the composition St G is a closed embedding with i G Oc(l) <8> 
O St {—0-*N) ample of type (2,m,h). 
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(ii) the composition St —> S is a standard contraction as defined in 
01]), which is an isomorphism if T is a single vertex. 

Let Osxg(1) : = Os(mh — Af) M Oa(l) be the chosen very ample po- 
larization of S x G and, for an embedded tree St ^ S x G, let 
Ph{q) — xi^i^sxcil))) be the corresponding Hilbert polynomial. 
From Definition 16.11 it follows immediately that i*(Osxg{^)) is a very 
ample line bundle of type (3, m, h) on St- Hence, Ph(q) is given by 
the formula ffl"2]) with qm substituted for m: 

(23) P H (q) = \q 2 m\h 2 ) - ^qm(h ■ Kg) + X (O a ). 

Consider now the Hilbert scheme Hilb Pff (S' x G) and let 

H' C m\h PH (S x G) 

be the open subscheme of all embedded T n -surfaces in the sense of Def- 
inition [6IT], and let H s C H' be the open part of those St > S x G for 
which S T ~ 5 and (i*(0 s (-m/i) B Q)/S T / Spec(C)) e M*(Spec(C)). 

Finally, let H s be the closure of H s in i?' and define 

H := {(5 T A 5 x GO e H° | i*(O s (-N) H O g (1)) = 0*.M 2r ° 

for an isomorphism (ft : St —> S y for some point y <E Y FM and 

{i*(O s {-mh) BQ)/£ T /Spec(C)) e M n (Spec(C))}. 

Here the existence of such a point y € Yfm follows from the versality 
of Ypm and the property that i*(O s {-U)MO G {l)) ^ 0*-M 2r ° does not 
depend on the choice of the point y in view of (15. 4p . (ii). Equivalently, 

H = {(S T M> SxG) G H s I m r (C 5 (-A^)KC G (l)|S r ) = 2m T (7W r °) and 

(i* (Os(-mh)mQ)/ S T / Spec(C)) e M„(Spec(C))}. 

Since H is a locally closed subscheme of the Hilbert scheme, there is 
the semi-universal family X# of embedded T n -surfaces with diagram 

(24) X fl ^ S xGxH 

pT3 

H. 




20 MARKUSHEVICH, TIKHOMIROV, AND TRAUTMANN 

6.2. Lemma. There is a line bundle Lh on X# such that for any 
fibre X# j2 , z = (St ^ S x G), and any isomorphism (p : St — > S y 

(y e Y FM ), 

L H \-X H , z ~L c FM ~M ro \S y 

and that the Hilbert polynomials of the fibres X# >;Z are formed with 
respect to the line bundle L H ® i* H (O s (-j\f) B O g (1) E O h ). 

The bundle Lu plays also the role of a functorial polarization in the 
sense of J.Kollar. It can be obtained as follows. By the versality of 

fi 

Yfm there is an open covering (Hi) of H with morphisms Hi Yfm 
such that Xu\Hi is the pullback of ~Kfm under /j. Then the pulled 
back bundles f*L c FM can be glued to give the bundle L H . Using the 
bundle L H , we define the bundle 

(25) E H := O s B Q ® O h \X h ® (L^)" 1 , 

Then (E H , X H , H) is a T„-family and belongs to M n (H). 

6.3. Remark (Boundedness). It follows from the results of the next 
section that any T n -bundle occurs in the family (E#/X#/if), proving 
that the functor M„ is bounded. 



7. The coarse moduli space 

Given an arbitrary family (E/X/Y") G M. n (Y), one can construct a 
line bundle Ly on X as in the case of the family over H using the 
versality of Yfm- This bundle is fibrewise isomorphic to Ai r ° and 
has type (l,m,h). If there is a morphism p : Y' — > Y, then the 
constructions of the line bundles Ly are compatible, so that Ly — 
p*Ly. By Proposition 15. 5[ 7r*(E <8> Ly) is locally free of rank N m , and 
we can consider the principal GL(iV m )-bundle 

Y := Isom(k Afm ® O y , vr*(E ® Ly)) 4 K 
over y with the Cartesian diagram 



(26) 



X--X 

y ^y 

1 p 
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Denote the lifts of the bundles by E = p*E, L Y = p*Ly- In view of 
Proposition 15. 5[ we have on X a universal epimorphism 

(27) 6 : C Nm <g>C>x 4 7f*7f,(E<g)Ly) ™ E® L 



Yi 



which induces an embedding i@ : X <-^- S x G x Y in the commutative 
diagram 



(28) 



SxGxY 




pr:t 



such that 



E® L Y =i* @ (O s ^Q^O Y ) 
Iq(Os Kl Og(1) M Oy) serve as the polarization for com- 



(29) 

Let now L Y 

puting the Hilbert polynomial in S x G x Y. The restriction of L Y to 
each fibre of X over a point y G Y is by its construction isomorphic to 
some M r y ° (g) C 5t ® O g (1) or to some Os T (mh) ®O a (l). Hence the 
fibres of X all have the Euler characteristic Pn{q), and the conditions 
of the definition of H are satisfied for the fibers of X. By the universal 
property of the Hilbert scheme, there is a morphism <fr in the following 
Cartesian diagram such that X is the pull back of X//, 



(30) 



and such that 



E® Ly ~ 



X 



Y 



X 



H 



H 



e e {o s MQmOy) 

i* e (idx <P)*(O s MQ®O h ) 
4>*(E H ®L H ). 



By functoriality L Y ~ 4>*Lh, and hence E ~ </>*E#. 



The group SL(N m ) acts naturally on the Grassmannian G = 
Grass(A^ m , 2) and induces an action on m\b PH (S x G), under which 
H is invariant. In order to find an algebraic structure on the quotient 
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by the action of SL(N m ), we have to shrink H. Consider the open 
SL(N m ) -invariant subsets H 9 and H l of H defined as follows: 

H 9 := {(S T ^SxG)eH\ (i*(O s (-mh) E Q))/S T /C) G M»(C)}, 

F* := {(S T ^SxG)eH | (i*(O g (-m/i) IS Q))/S T /C) G M^(C)}. 
Note that 

(31) H s = H a n H l . 

It is well known that 

(i) the action SL(N m ) x H s ^ H s is proper and H s //SL(N m ) is 
isomorphic to Mg h (2;Af, n); 

(ii) := H*/ /SL(N m ) is isomorphic to an open subscheme 
of the Gieseker-Maruyama moduli space Ms t h(2;Af,n) containing 
Mg h (2;J\f,n) as a dense open subscheme. 

In fact, the embeddings into S x G used in our construction are 
equivalent to the embeddings into G used by Gieseker, in the case 
when the underlying tree-like surface is irreducible, hence the Gieseker 
(semi) stability condition on the vector bundles from H l coincides with 
the Mumford (semi) stability under the action of SL(N m ). This proves 
(ii). From Propositions 3.1, 3.2 of |Glj . we conclude that the points of 
H* 1 1 SL(N m ) represent exactly the S'-equivalence classes of semistable 
vector bundles on S. 

Since M Sj h(2;Af,n) is projective, M* is quasi-projective. In particular, 
M l n is separated. 

7.1. Proposition. The action SL(N m ) x H 9 — y H 9 is proper. 

For the proof we use the properness criterion via families over curves 
and Theorem 14.101 on separatedness. 

Now we invoke the following result of Kollar |Kolt Theorem 1.5]. 

Theorem. Fix an excellent base scheme A. Let G be an affine alge- 
braic group scheme of finite type over A and X a separated algebraic 
space of finite type over A. Let m : G x X —y X be a proper G-action 
on X. Assume that one of the following conditions is satisfied: 

(1) G is a reductive group scheme over A. 

(2) A is the spectrum of a field of positive characteristic. 
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Then a geometric quotient px '■ X — > X//G exists and X//G is a 
separated algebraic space of finite type over A. 

Applying now the case (1) of this theorem to our situation with A = 
Spec(C), G = SL(N m ), X = H 9 , we obtain from Proposition 17. II that 
M 9 := H 9 / /SL(N m ) is a separated algebraic space of finite type over 
C and p : H 9 — > H 9 / /SL(N m ) = M 9 is a geometric quotient. 

Note that 

M s Sth (2;Af,n)=M 9 nM t n 

is open in both M 9 , M*, so we can glue them together along into 
an algebraic space 

M° = M 9 UMK 

n n n' 

which is of finite type, separated but not necessarily complete. 

For an arbitrary T n -family (E/X/V) one has an SX(iV m )-equivariant 
diagram (1301) . Assume in addition that the family belongs to ~M 9 (Y). 
Then there is the diagram 



(32) 



Y 



Y 



+ H 9 

Ph 
M 9 



As p is a principal bundle map, it follows that there exists a morphism 
(of algebraic spaces) / : Y — > M 9 which extends (|32|) to a commutative 
diagram 



(33) 



Y 



Y 



H 9 



PH 



M 9 . 

n 



The existence of this modular morphism / : Y — >■ M 9 and the existence 
of the semi-universal family (E 9 H /X. 9 H / H 9 ) means that M 9 corepresents 
the functor M^, i.e. it is the wanted moduli space. The same argument 
applies to M* and M°. Thus we have the following 

7.2. Theorem. There exists a separated algebraic space M 9 (resp. 
of finite type corepresenting the functor (resp. M°j. 



There is a particular case in which we can say more. This is the case 
when = M„. This happens when Ms t h{2] A/", n) contains no strictly 
semistable locally free sheaves, for example, when S = F 2 . Then we 
can state: 
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7.3. Theorem. Let S = P 2 . Then M 9 n = M n , and there exists a 
propel algebraic space M n corepresenting the functor M n . 

In the general case, we can only suggest a conjecture. 

7.4. Conjecture. Let S be any smooth projective surface. Then there 
exists a proper algebraic space corepresenting M n . 

It is not clear whether one should expect M n to be projective. However, 
in some examples one can present an explicit construction of M n as a 
projective variety. One such example is treated in the next section. 

8. The bubble-tree compactification of M P2 (2;0,2) 

Let M(0, 2) = Mp 2 (2;0,2) be the moduli space of semistable sheaves 
with Chern classes c\ = 0, c 2 = 2 and rank 2. It is well known that 
M(0, 2) is isomorphic to the P5 of conies in the dual plane, the isomor- 
phism being given by [J 7 ] -H- C('F), where C(~F) is the conic of jumping 
lines of [J 7 ] in the dual plane, see [Baj . [Ma] . [OSSj . For a more explicit 
description we use the following notation. 

8.1. Beilinson resolutions. In the sequel S will be the projective 
plane: S = P(V) = W 2 , where V is a fixed 3-dimensional vector space. 
We will write miF for C m <g) J 7 , where J 7 is a sheaf. 

It is well known that any sheaf J 7 from M(0, 2) has two Beilinson 
resolutions 

0^2 fi|(2) ^ 2 ->■ 7 ->■ 

0^2 O s (-2) A 4 Os(-l) ^F^O, 

where the matrices A (of vectors in V) and B (of vectors in V*) are 
related by the exact sequence 

-> c 2 A c 2 o y A c 4 -> 0. 

Recall that Hom(fi|(2), f2<?(l)) i s canonically isomorphic to V with 
v £ V acting by contraction. The matrix product BA is zero, where 
the elements of the two matrices are multiplied by the rule that for 
v G V and / G V*, the product fv is fiy). 

The matrices A and B are determined by J 7 uniquely up to isomor- 
phisms of the above resolutions. The first resolution implies that 
det(A) G S 2 V is non-zero. It is the equation of the conic C{iF). The 
sheaf J 7 is locally free if and only if C('F) is smooth, or if and only if J 7 



2 I. e. complete, separated and of finite type 
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is stable. If C(F) decomposes into a pair of lines, then A is equivalent 
to a matrix of the form ( x z ° ) , and T is an extension 

-»■ X {x) -»■ J 7 -> J <y ) 0. 

In this case J 7 is S'-equivalent to Z^) © Z^) . 

We will first present the T 2 -bundles appearing in the compactificaton 
as limits of 1-parameter degenerations. We will start from the following 
explicit description of the blowup of A 1 x S at a point. 

8.2. A special blowup. Let (e , ei, e 2 ) be a basis of V and (x , xi, x 2 ) 
the corresponding homogeneous coordinates on S. The blowup 

X A A 1 x S 

of the point p = (0, (eg)) is the subvariety of A 1 x S x P 2 given by the 
equations 

txo^i — a;iUo = 

tXf)U2 — X2U0 = 

X1U2 — X2U1 = 0, 

where the u v are the coordinates of the third factor P 2 . We consider 
the following divisors on X: 

1) S, the proper transform of {0} x S, isomorphic to the blowup of 

S at p; 

2) Si, the exceptional divisor of a; 

3) H, the lift of A 1 x h, where h is a general line in S"; 

4) L, the divisor defined by O x {L) = pr^Ow 2 (l). 

We have S ~ — L. We also let resp. u v denote the sections of 
Ox(H) resp. Ox(L) lifting the above coodinates. Using the equations 
of X, we see that the canonical section s of Ox(S) fits into the diagrams 

(34) Ox^Ox(H-L) 

(«0,«1,«2) 

O x {H). 

8.3. Example. Using the notation from 18.2] we choose A = ( e ° e ° o ) , 
representing F Q = I © X , where X is the ideal sheaf of the point 
(e ) G Denote C = A X (C) and let X" be the family of M(0, 2)- 
sheaves over C x S defined as the cokernel of the matrix 




A(t) 



eo — ta 
-tb eo 
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with a = a\t\ + a<iti and b = f3\ei + /?2e2- Then x S is locally 

free for t ^ 0. The second Beilinson resolution of J 7 (see 18.11) is then 



with B(t) given by 

B(t)- 



-1) ->• J 7 ^ 0. 



Let now I A C x S be the blowup of C x 5 at p = (0, (eo)). We have 
the following commutative diagram with exact rows and columns: 





2o ft (-i; 



20 X (-2H) 



a*B{t) 



Bx 



4£> X (-H) 



a 



2 £> x (-# - L) — %■ 4 O x (-H) 



2 Sl 







5 



Mi 
A«0 



«2 



By®, 

Ml «2 

Here 2C?s 1 (— 1) is the torsion of a* J 7 , supported on the exceptional 
divisor, and F is its locally free quotient. Finally, let E := F(— S). 
One can verify that the restriction of E to S is trivial, E^ ~ 2 0<j, 
and that the restriction E Sl belongs to M^ 2 (2;0,2). Thus E\S U Si 
is a T 2 -bundle with weighted tree of type (II), see (1351) . and is a flat 
degeneration of bundles in M(0, 2). Note that the vectors a, b used 
in the construction of this degeneration correspond to two points on 
the double line C(J-q) — { e o = 0} an d thus determine a "complete 
conic" in classical terminology. Choosing different such pairs will lead 
to non-isomorphic T 2 -bundles. 
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8.4. Example. Let now A = ( e ° e ° 2 ) and J-q = X ©X 2 , where X resp. 
X 2 are the ideal sheaves of the points po = (eo) resp. p 2 = (e 2 ) in 
S = P{V). Here we consider the blowup X-^-CxSoiCxS&t the 
two points po, pi- Let S — So again denote the proper transform of 
{0} x S, and let Si and S 2 denote the exceptional divisors of a. We 
embed X into C x S* x P 2 x P 2 with equations 



tXoUi 


- XlUo 


= 


tx u 2 


- x 2 u 


= 


XiU 2 


- X 2 Ui 


= 


tx 2 v 


- X V 2 


= 


tX 2 Vi 


- X\V 2 


= 


XlVo 


- XqV x 


= o, 



where u v and v v are the coordinates of the third and fourth factors 
P 2 respectively. Define the sheaf J 7 over C x S as the cokernel of the 
matrix 

The corresponding matrix B(t) is then given by 

B ( t \ = ( Xl X2 t2x o\ 
^ ' \t 2 x 2 x xi J ' 

In order to find the limit T 2 -bundle on the T 2 -surface S U Si U S 2 , 
we proceed as in Example 18.31 Let x u ,u u ,v u denote the sections of 
Ox(H),Ox(Li),Ox(L 2 ) obtained by lifting the respective homoge- 
neous coordinates, and let si G TOx(Si) and s 2 G TOx(S 2 ) be the 
canonical sections with divisors Si ~ H — Li and S 2 ~ H — L 2 . We 
obtain a torsion free sheaf F on X as the quotient in the exact triple 

-> Sl (-l) © S2 (-l) -> a*T -> F -> 

with resolution 

Ox{-H-Li) @Ox(-H-L 2 ) — ^> 4 O x (—H) — > F — > 0, 
where 

= M 2 t« \ 

x ^ o ^ u! ; ■ 

The restrictions of F to S\ Si, S2 are now 

where ^ = 5 fl Sj (z = 1, 2) are the two exceptional curves on S, and 
F Sl ~ Sl ©X ?1 (l), F 52 ~ 52 ©X 92 (l), 
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where q\ resp. q2, are the points {u± = ui = 0} resp. {vo = v\ = 0}. 

Next, let E' be the elementary transform given by the exact sequence 

^ E' — > F — > Sl © S2 — > 0. 

This sheaf turns out to be locally free on X. Then the sheaf E : = 
E'(— S) has the restrictions 

E § ~2(D § , E 5l , E 52 , 

where the Chern classes of E^, Es 2 are c\ = 0, C2 = 1, and there are 
non-split extensions of the form 

Thus EjS 1 U Si U 5*2 is a T 2 -bundle with weighted tree of type (III), see 
(1351) . It is a again a flat degeneration of vector bundles from M(0, 2). 

The third example with weighted tree of type (IV) can be constructed 
by a similar but slightly more complicated procedure. The final result 
about the moduli space Mi is the following theorem. 

8.5. Theorem. Let P(S 2 V) denote the blowup of P(S 2 V) along the 
Veronese surface. 



(1) The moduli space M2, defined in Theorem \ 7.3\ with n = 2, is 
isomorphic to P(S 2 V). 

(2) The isomorphism classes [Et, St], T G T 2 , are in 1:1 correspon- 
dence with the points of P(S 2 V) . 

(3) The weighted trees associated to the pairs [Et, St] that occur in 
M2 are of one of the following four types: 



(35) 



«:-<2>- <0> 



(I) (II) 
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The four types of weighted trees define a stratification of P(S 2 V) in 
locally closed subsets in the following way. Let S be the exceptional 

divisor of P(S 2 V) and Si the proper transform of the cubic hypersur- 
face of decomposable conies in P(S 2 V). Then 

• the points of P(S 2 V) \ So U Si represent the bundles of type (I) 
on the original surface S; 

• the bundles in S \ Si are of type (II); 

• the bundles in Si \ So are of type (III); 

• the bundles in Si fl S are of type (IV). 

There is a construction of a complete family (E/X/F) of T2-bundles 
which contains all types of such bundles. This will be sketched next. 

8.6. Semi-universal family for M(0, 2). From now on H will denote 
the vector space C 2 and G will be the Grassmannian Grass(2, H ® 
V) = G(2, 6) of 2-dimenional subspaces of H ® V. Let U denote the 
universal subbundle on G. For any subspace C > H ® V there is the 

A 2 y 

determinant homomorphism C c — ->■ A 2 H ® S 2 V ~ S 2 V. We denote 
by G ss the open subset defined by A 2 y ^ 0. By the description in 18. 1\ 
this open subset parametrizes all the sheaves in M(0,2), and there is 
a semi-universal family 7- on G ss x P with resolution 

o^wb n|(2) h ® o G ss m q} s (\) j= ->■ o, 

where U is the universal subbundle on G, restricted to G ss . The map 
y i—)- A 2 y defines a morphism G ss — > P(S 2 V) which is the modular 
morphism of the family and at the same time is a good quotient by the 
natural action of SL(H) on G ss : 

G SS //SL(H) ~ P(S 2 V) ~ M(0,2). 

Consider the subvarieties A , A' 1; A'/, A'/' of G ss defined as follows. 
For each y G G ss , let l y C P(H ® V) be the corresponding line, and let 
S be the image of the Segre embedding P(H) x P(V) P(if ® V). 
Then: 

A := {y G G ss | l y C 5}, 

A' x := {y G G ss | Ijfl^ consists of two simple points}, 
A" := {ye G ss \ l y fl S is a double point}, 
A"' := {y G G ss | fl S is a simple point}. 

One finds the following normal forms for the matrices A defining the 
inclusions C 2 <— > H (g) V that represent the points y G G ss : 

- y G A if and only if y is represented by a matrix A = ( g ° ) , 
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x 
x' 



- y £ A[ if and only if y is represented by a matrix A 
with independent vectors x and x', 

-yG A" if and only if y is represented by a matrix A = ( x z ° ) 
with independent vectors x and 

- y G A'/' if and only if y is represented by a matrix A = ( x ®i ) , 
where ( basis ov V. 

8.7. The Kirwan blowup. Let G-^Gbe the blowup of G along A 
followed by the blowup along the proper transform Ai of Ai := A^UA'/. 
Then G is also acted on by SL(H) and there is a suitable linearization 
of this action such that G s = G ss . The geometric quotient G s / / 'SL(H) 

is isomorphic to P(S 2 V), and we have the following commutative dia- 
gram: 



(36) G s G s 



We have the following exceptional divisors in G s . Let D := a _1 (A ), 
and let D\ be the inverse image of Ai in G s . Then 

D- := DiC\G s = 7r _1 (Si), i = l, 2, 

where So and Ei are the divisors in P(S 2 V) introduced in Theorem l8.5l 

8.8. Univesal family of Serre constructions. We parametrized the 
first Beilinson resolutions 

-> 20 s (-l) -> 2^(1) -> J 7 ->■ 0, 

of the sheaves from M(0, 2) by the two-dimensional subspaces U of 
if ® V — H°(S, H £g> $7^(2)). Now we want to parametrize all the Serre 
constructions of these sheaves. A Serre construction for J 7 is deter- 
mined by a section s of J-"(l) with finitely many zeros. The global sec- 
tions of .F(l), up to proportionality, are in one-to-one correspondence 
with three dimensional subspaces W of if® V such that U C W. Such 
a subspace provides an extension of the injection in the Beilinson reso- 
lution 20 s (-l) = U®O s {-l) e — >■ 20^(1) = if<g>fi^(l) to an injection 
W ® O s (-l) ^ H ® determined up to the action of GL(W), 

and this extension defines two exact sequences 

O^W® O s (-l) ^ if ® -> 2z,s(l) -> o, 
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->• (W/U) ® O s (-l) 4 F -> J ZiS (l) -> 0. 

Here Z is a zero-dimensional subscheme of S 1 of length 3. The second 
sequence represents the Serre construction for F . For a given F, we 
can always find W such that Z is either the union of three distinct 
points, or an isotropic fat point Spec Os/xn 2 x (x G S) of length 3. Let 
now relativize this construction over the whole of G s . Let 

^2,3 :={(*/, W) | U C W C if (8) V}, 
be the flag variety of 2- and 3-dimensional subspaces of H <g> V, and 

— ^2,3 X G G S . 

There are natural projections G s <— F — >■ F 2)3 . We have the semi- 
universal family of Beilinson resolutions of the polystable sheaves from 
M(0, 2) over (7 s . Lifting it to F, we obtain the exact sequence 

O^UB n 2 s (2) ^ H(g)0 F M ft^(l) ->■ .F ->■ 0. 

Shrinking F to an appropriate open subset, mapped surjectively onto 
G s , we obtain a semi-universal family of Serre constructions over F, 

(37) ->■ W/U B ft|(2) ->• ^ ->• X^,fx5 ®0 F S O s (l) ->■ 0, 

where U and W are the lifts of the tautological subbundles from F 2j3 , 
and where Z is a flat family of zero-dimensional subschemes of 5 of 
length 3 over F. We can shrink further F in such a way that 7 remains 
surjective, so that the only singularities of Z are the quasi-transversal 
intersections of three smooth branches over the points of D . 

8.9. Semi-universal family for M 2 . Let © := 7 _1 (^o) and D i : = 
7~ 1 (£> s ) be the lifted divisors in F, and let 

B := Z n (D x S) 

be the codimension 3 intersection. This is the singular locus of Z, 
where three branches intersect. Besides B , the singular locus SingF* 
of J- contains the points (/, Xi) G Z such that / G Di, Xi G S (i — 1, 2), 
Xi ^ x 2 and F\fxs — %xi,s ®^x 2 ,s- At these points Z is smooth, but 
the local extension class of the Serre sequence degenerates. We are to 
resolve both types of singularities. 

Let 

X' ^FxS 

be the blowup of B . Let further Bi be the closure of 
^ 1 (Sing^U((F-© )x 1 S)). 
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Let 

X^X' 

be the blowup of B\. Consider the composed morphism 

p : X ^> FxSAf, 

and let Eo, Ei denote the exceptional divisors of the last two blowups. 
Then X A F is a family of T 2 -surfaces which includes the above ex- 
amples. Moreover, the proper transform Z of Z in X is smooth. In 
order to replace it by a vector bundle, we consider the Serre construc- 
tion on X lifting fl37|) . A computation shows that the local exten- 
sion class of fl37|) . when lifted to a local section of the invertible sheaf 
e G ^xt 1 (X^ x (g)prJC5(l),p*(W/UKin|(2))), has a simple pole along 
3 (1 Z and is regular and nonvanishing everywhere else. 

To transform the simple pole into a double one, we make the base 
change X — > X, which is a double covering branched at Dq + ©i- It is 
defined locally over X. We add ~ to mark the lifts to X of all the objects 

defined on X. Then e acquires a double pole along D fl Z and has no 
other singularities. Hence it defines a regular nowhere vanishing section 
of the invertible sheaf Ext 1 (Z~ % <g> pr*s Os(X), P*(W/U M fi|(2))(2B )) • 
This implies that in the extension 

0^p*(W/UB^(2))(i ) ->E^Zj S j L ® P r* s O s (l)(-B ) ^0 

defined by e, the middle term E is a vector bundle. This is the wanted 
family of T 2 -bundles. It is defined over X, which can be thought of as a 
DM stack with stabilizers of order < 2 whose associated coarse moduli 
space is X. The statements of Theorem 18.51 follow by considering the 
classifying map of our functor M2 on this family towards the moduli 
space M 2 . 
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